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_ ABSTRACT

The problem of the fracture of liquid-fuel tank walls due
to hypervelocity particle impact is investigated. A semi-empirical
formula is used for the shock wave generated by impact in water,
The numerical method of characteristics is adopted for the
calculation of stress waves in the tank wall, Values of threshold
impact kinetic energy; defined as the projectile energy above which
fracture will occur, for a few wall thickness and materials are

determined,
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SYMBOLS

constants

plate velocity = [l?./p(l-\:zﬂli

shear wave velocity = (G/p)11

flexural rigidity = Eh3/12(1-v?)
modulus of elasticity

surface traction, function of radial distance and time
(force/unit area)

shear modulus = E/2(1+v)

plate thickness

constant

shear corréction factor

kinetic energy of the impacting projectile
radial bending moment

tangential bending moment

pressure in water ahead of shock front
peak pressure behind shock front
transverse shear stress resultant
shock front radius

radial distance

inner radius of plate

time

shock front velocity

particle velocity in water



= transverse displacement of the midplane
= constant

= tangential direction

= Poisson's ratio

= density of plate

= density of water ahead of shock front

= density of water behind shock front

= normal stress due to Me

= shear stress due to Qr

rotation of the cross-section about the tangential axis

Subscripts r and t designate partial differentiations
(except Qr and Mr)'
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ANALYTICAL STUDY OF THE FRACTURE OF LIQUID-FILLED TANKS IMPACTED BY
HYPERVELOCITY PARTICLES
by

Pei Chi Chou, Richard Schaller, and James Hoburg

SUMMARY

This is a report on a study of the problem of the fracture of liquid-fuel
tanks due to hypervelocity particle impact. The impact generates a shock wave
in the liquid fuel. Calculations for the response of tank walls which are
initially p:epunched, i.e,, have a hole at the center, and subjected to an
axisymmetric moving shock wave are made. For simplicity, the liquid behind
the tank wall is assumed to be water, Calculations for the magnitude of
the pressure distribution behind the shock are made,~utilizing the shock
Hugonibt.data for water, along with a semi-empirical formula relating the
position of the shock front as a function of time and impacting kinetic
energy.

Values of impact kinetic energies that produced a stress equal to the
dynamic fracture strength of the material, assumed to be twice the value
of the static yield strength, are found for 7075-T6 aluminum and 5AL-2.5 Sn
titanium alloy tank walls with various hole sizes and thicknesses.

For the case of unpunched walls an estimation is made of the kinetic
energy absorbed by the wall during perforation. A correlation is then made
between the experimental energy necessary to produce fracture and the
calculated energy necessary to produce fracture, (i.e. the sum of the
threshold and perforation energies), for several unpunched walls under various

impact conditions. The results are found to be in general agreement,



I INTRODUCTION

This report deals with the catastrophic failure (fracture) of
a liquid-fuel tank wall due to hypervelocity particle impact. This
particle may be an uninterrupted meteoroid, or from the debris of
the protective thin bumper after being impacted by a high speed
meteoroid,

The process from the moment of impact to the final failure of
the tank wall may be generally divided into three stages, namely, the
initial perforation, or puncture, the subsequent shock wave produced
in the liquid fuel, and the final motion and fracture of the wall,

The perforation of thin plates by hypervelocity particles has been
studied recently by many investigators. Bull (Ref, 1) assumed a one-
dimensional compressible-fluid model and performed both theoretical
and experimental studies. Chou (Ref, 2 and 3) and Kraus (Ref. 4)
assumed a vsico-plastic model and a perforation criterion, from which
the critical impact velocity and mass of the projectile may be calculated.
Recently, this visco-plastic model has been verified by Kruszewski of
NASA Langley Research Center, (Ref, 5). Other perforation studies have
been carried out by Watson (Ref. 6), and Maiden and McMillan (Ref, 7).
All of these perforation studies are for thin plates without liquid
behind them, Very little information is available for the perforation
of plates with water or other liquid behind them. Stepka and Morse
(Refs. 8 and 9) made experimental investigation of the overall problem
of impact fracture of fuel tanks; they did not investigate in particular

the perforation phase of the problem.
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Shock waves produced in liquids due to high speed particle impacts
have been measured by Stepka, Morse, and Dengler (Ref. 10), and also
Ferguson (Ref, 11). Stepka, et al, made extensive measurement of the shock
waves produced in water; while Ferguson made limited measurements of shocks
in liquid hydrogen. Presented in Reference 12 is a semi-emperical formula
for the shock front radius and velocity, which agrees fairly well with
the‘experimental results in both References 10 and 11. Because of the
uncertainity of the shock Hugoniot data, the pressure behind the shock
front cannot be célculated éccurately for liquid hydrogen. For this
reason, the present report will be limited to discussion on water
filled tanks only., The technique presented here may be applied to any
liquid as long as its shock Hugoniot data is known. The semi-emperical
formula of Reference 12, which is based on the kinetic energy of the
projectile, will be used in this report for calculating-the shock
radius in water. |

It will be shown that the maximum stress in the tank wall is due to
bending created by the shock wave in liquid, and occurs a few microseconds
after impact. In Reference 13, a numerical method of characteristics was
presented for the calculation of bending waves in plates dué to stationary
concentrated ring loads applied at the edge of the plate. 1In tﬂis report,
the method of Reference 13 is extended to include the moving load of the
traveling shock wave. It is found that the maximum stress always occurs
at the edge of the perforated hole of the wall. After the maximum stress
is calculated, a failure criterion is adopted, which stipulates that the
wall will crack if the maximum stress is larger than twice the static yield
stress of the wall material. In other words, the dynamic strength is assumed
to be twice the static yield stress., Once a crack occurred, the additional
pushing from the high pressure region in water should keep it propagating to

complete failure.



Combining the shock wave formulas, the stress wave in tank wall
calculation, and the failure criterion, a threshold imp#ct enefgy is
established for a plate of given material, thickness, and hole diameter
(approximately tﬁe projectile diaméter). Fdf impacts with kinetic
energies entering water above the‘threshold value, fracture will occur.
A parametric calculation of the threshold kinetic energy as functions
of wall plate thickness and projectile diameter for 7075-T6 aluminum
and 5AL-2,5 Sn titanium élloy was made and results presented in this
report.

In order to compare the present calculated results with the
experimental results of References 8 and 9, an estimation of the
energy required for the initial perforation is made. Values of the
sum of the perforation energy and the threshold energy are in general
agreement with the kinetic energies of projectiles that actually
perforated and burst the tanks.

Two appendices are included: the first one gives justification
of some of the assumptions used in the stress wave calculation, the
second appendix contains the basic computer program for the calculations

of this report,



II SHOCK WAVES IN WATER

A. Shock Front and Peak Pressure

The high pressure region created in water after being impacted
by a high velocity projectile has been studied in Refs, 10 and 12,
In Ref, 12 a simple semi-empirical equation is presented which
gives the shock radius and peak pressure as functions of time,
The experimental results reported in Ref. 10 are in agreement
with this equation. In this report, the semi-empirical equation
of Ref, 12 will be utilized,

The equations for the shock radius, R, and shock velocity, U,

as derived in Ref, 12, are

R = 0.05678t + 0.0197 (K E)!/3 log (t + 1) (1)
: 1/3
u= L= 0.05678 + 221 (KZ) / (2)

where R is in inches, t in microseconds, kinetic energy in ft-1bs,
and U in inches per usec, As can be seen, eqs, 1 and 2 are based
on the assumption that the shock wave in water depends only on the
kinetic energy of the projectile, and is independent of other
properties of the projectile, The particle velocity, u, may be
calculated from U once the shock Hugonoit is known, We shall use
the semi-empirical shock Hugoniot relation for water presented by

Rice and Walsh (Ref. 14).

u
‘U = 1,483 + 25,306 log10 (1« 37139 (3)
Where u and U are expressed in Km/sec,
From the conservation of mass and momentum across the shock

front, the following simple equations may be obtained.

p, = P
we iy (@)

1

-5.



. 172
Pp. PL= Py ' .
v {};;O o1 = P )

. . . , .. .. 1lbf-usec? .
where P is pressure in psi, p is density in --Jﬁ:- and subscripts
in

1 and 0 refer to properties behind and ahead of the shock, respectively.
Substituting eq. (4) into eq. (5) and rearranging we obtain

Py=Usp + P (6)

For a given impact kinetic energy, U may be calculated from
(1) and (2) as a function of R; then u can be calculated from (3);

and Pl as a function of R from (6),

B. Approximate Shock Front and Peak Pressure

For convenience in computer calculation, the shock radius
vs, time curve as given by eq. (1) is approximated by two straight
lines in the r,cpt-plane. The equations of these two straight lines

are

c.t-ar =10
P (7

cte-br=c
P

A comparison of the curve given by eq. (1) with the corresponding
curves by (7) is shown in Figure 1, which is for an impacting particle
with a 7/32 in, diameter and an impact K.,E, of 140 ft-1lbs. In this
case, for a 7075-T6 aluminum plate the value of cp = 2,10334 x 105
in/sec. and the values of a, b and c are

a=1,8476

b = 2,8889

c = 0,5978

The peak pressure vs. shock radius curve, as calculated from

eqs. (1), (2), (3), and (6), is likewise approximated by a simple
equation for easy computer application. This equation is of the form

P, = KRY (8)

-6~




Figure 2 shows, for a 140 ft-1bs impact, the curve of eq. (8) as
compared to the one from eq. (6). In this case K = 2.0656 x 104,

y = =1,65, The value of one of the constants, K or y, is determined

by the condition that the value of P, from eq. (8) is exact at r = Ty
The other constant is fixed by the simple inspection of curves plotted
from various values of this constant,

C, Pressure Distribution Behind the Shock Front

The pressure in water between the shock front and the edge
of the hole is acting on the tank wall, in addition to the peak pressure
at the shock front, The exact distribution of this pressure is not
known precisely, although Stepka and Morse (Ref. 8) have made some
preliminary experimental measurements, Their experiment consisted
essentially of placing two pressure sensing devices in water at
distances of 1.44 in, and 1.87 in., respectively, from the point of
impact. The measured pressure vs. time curves shown in Figure 9 of
Ref, 8 contain considerable oscillations, However, if the oscillations
are ignored, the average values of each of these curves may be used to
estimate the pressure distribution behind the shock front,

It is reasonable to assume that at the edge of the plate,
=T, the pressure is zero, or, atmospheric, which for our practical
purposes may be considered zero, We shall further assume that the
pressure behind the shock front varies according to the fourth power
of the radius measured from T, this may be expressed as |

P T Ty \
R (e ®
Figure 3 shows a plot of this equation, together with a few experi-

mental points as obtained by Stepka and Morse in Ref. 8., In plotting

-7=



these points, eq. (1) is used for the position of the shock front,
and the value of T is 7/64 in, As can be seen, equation (9) agrees
fairly well with the test data,

In the numerical calculation, a constant pressure distribution
behind the shock front is assumed for early times after impact, up to
one uéec. This assumption was introduced because of the limited
number of grid points in the r,cpt plane (physical plane) during the
early times, Within a short time after impact, the peak pressure
decays quite rapidly along the shock front, this, coupled with the
rapid decay behind the shock, causes a very large difference in values
of pressures at two neighboring points in the physical plane. For
example, for a kinetic energy of 140 ft-1lbs., the pressures at the
first few points in the physical plane are shown in Figure 4 for a mesh
size of Ar = 0,00625 in. Along the constant time lines where there
are only one or two points with pressure different from zero, the
total force on the plate is much higher than it should be. For examplgg
along one constant time line (ABD) there is only one grid point to the
left of the shock, at this grid point; B, the pressure is 100,000 psi,
Within the finite-difference scheme of calculation, this is equivalent to
assuming that this pressure is uniformly distributed from the shock
front to the boundary, r = L i.e. A to D, The total force, eg.
100,000 n(rD2 - roz), acting in such a case is much higher than that
produced by equation (9) at this time. Furthermore, this total force
at a given time varies with the mesh size used in the numerical calculation,

To remedy this situation, a constant pressure distribution is
assumed for time less than one usec., Along each constant time line,

a constant pressure of one-fifth that at the shock front is used. The

-8-




total force acting on the plate due to this constant pressure is
approximately the same as that due to the actual pressure distribution
of equation (9) at any particular time,

After one usec, the pressures no longer vary drastically from
point to point, the total force is no longer highly dependent upon
mesh size, and there are more grid points along each constant time line,
Thus, after this time, we use the true pressure distribution as given

by eq. (9).

IIT STRESS WAVES IN TANK WALLS

A. Characteristic Equations

The Uflyand-Mindlin equations, in polar coordinates, for an

elastic plate with surface tractions under axisymmetrical loading conditions

are:
ML oo - 2 =
t
3Q 2
Fr * %Qr + F(r,t) = ph 2—% (11)
ot
=p (2,2
M_ =D (ar + 2 ¢) (12)
$ 3¢
Mg = D (% + v2) (13)

Qr = K22Gh (¢ + % (14)

Due to the axisymmetrical loading conditions, it is evident that

M, = Q = g5 = 0. Equations (10), (12), (13), and (14) are identical
to equations (1), (3), (4), and (5) of Ref., 13. Equation (11) differs
from equation (2) of Ref. 13 in that it has an added surface traction

term F(r,t). The system of equations (10) to (14) are hyperbolic

9.



equations and their characteristic directions and characteristic
equations have been derived by Jahsman in Ref. 15, In this report, we
shall follow the displacement approach which uses a system of two
second-order equations involving ¢ and w, The method of characteristics
is applied to this set of second-order equations., Substituting egs.

(12), (13), and (14) into eqs. (10) and (11) we have

k., 2Gh
— vriiien SulEUE SR I 7 (15)
X o 32w 1 aw, 3¢ F(r,t)
——— = s B = e (¢ + ) - - —* (16)
2 koG ot T T 2

Equations (15) and (16) are also hyperbolic in nature and
their physical characteristics, or characteristic directions, are, as

demonstrated in Ref, 13,

L
Plar c (17)
7} 9 T p
+
11
g.’ti - ke, (18)
11°

Equations (17) and (18) represent four physical characteristics,
For a plate in which E, p, and v are constant, the two wave speeds, as
given by eqs. (17) and (18) are constant, and the physical characteristics
are straight lines when represented in the r,cpt-plane.

The characteristic equations along 1* and 1° are, respectively,

1 ) _ [k,%6h R ¢,
-c—p- d¢t¢d¢r’* T(¢+Wr.).+-r—2--—;) dr (19)

where the upper signs refer to I*, and the lower signs to I", The

-10-




characteristic equations along 117 and 11° respectively.

du_ ¥ 1<‘2'1c'2'd“t=‘(% (‘*’*“r)*"’r*i%'i)‘) dr (20)
2

Again, we see that equation (20) differs from equation (11) of Ref.

13 by an added surface traction term, F(r,t), which is a known function,
These four equations, (19) and (20) govern the variation of the
variables Wao Wes G0 and ¢,, along the physical characteristic
directions, Two additional equations, based on the continuity of ¢ and
W, or

d¢ = ¢rdr + ¢tdt (21)
dw = wrdr + wtdt (22)

can be written along any direction, For instance, along a vertical
direction dr = 0, (21) and (22) may be written as

d¢ = ¢tdt (23)

dw = w.dt (24)
We now have a system of six equations (19), (20), (21), and (22)
for the six variables W Weo ¢ b4 ¢, and w,

B, Initial and Boundary Conditions

The problem treated in this report involves an infinite plate
with a circular hole of radius T, Thus, the region is specified by
TG ST <™ The proper initial conditions for this problem require

the specification of the four variables ¢r’ ¢t’ w_, and we at t = 0,

r'
For the case of our infinite plate under no initial loads and velocity,

the initial conditions are

$.(r,0) = ¢,(r,0) = w_(1,0) = W (r,0) = 0, T < T <= (25)

=11~




At v = T 8 properly posed boundary condition requires the
specification of one of the two functions ¢, and ¢,, and one of the
two functions .. and LA Or, alternatively, by using equations
(12), (13), and (14), any two of the five functions Mo My Q bp)
and W, may be specified along r = LA For the present'fuel tank
problem the proper boundary conditions are |

Qr ] Mr E0atra= T, (26)

As discussed before, the moving load on the tank wall will be
due to a spherical hydrodynamic shock wave that travels through the
fuel after impact. The position, velocity, and pressure of the shock
front as well as the pressure distribution behind it have been discussed
in Section II,

Since the wave front travels along a line specified by equation
(1) or (7), the region between this line and t = 0 in the physical
plane (r vs. cpt) is free of surface tractions, Therefore, this region
contains the trivial solution of vanishing derivatives of ¢ and w.

In Ref, 13 the problem of discontinuities in the first derivatives
of displacement due to step or jump inputs at the boundary was treated,
With a step input in stress, moment, or particle velocity at the
boundary, discontinuities in stress, moments, or the first derivatives
of displacement could exist across the two right running physical
characteristics (eqs. (17 and (18), with the upper sign) emitted
from the mesh point r = r,atts= 0.

For the present problem the peak pressure front of the moving load

is actually a discontinuous surface traction (step input) moving out

-12-




over the plate. This means that discontinuities (jumps) in the first
derivatives of ¢ and w could occur along all physical characteristics
eminating from the shock front line in the physical plane., This
condition would make the problem extremely difficult to solve from
the numerical standpoint,

To eliminate the condition of lines of possible discontinuities
in the physical plane, jump conditions were simply neglected,
Justification for this approach is given in Appendix A,

C. Numerical Procedures

The procedure for numerical calculations is adapted from
that presented in Ref. 13. Evenly spaced 1" and I° characteristics
are used as the main network as shown in Figufe 5. Although there
are four families of characteristic lines in the physical plane, only
properties at the grid points, the intersections of I* and 1”7 characteris-
tics; will be calculated. The values at points 5 and 6 of Figure 5 which
lie.along II* and II” characteristics are found by linear interpolation.
For example, the values at point 5 are found by linear interpolation
between those at points 2 and 4, Therefore, assuming that the values of
the variables at the back points 2, 3, 4, 5 and 6 are known we can now
write eqs. (19), (20) (with the upper and lower signs along the
correSpbnding characteristics), (21) and (22) in finite difference form.
This gives us six equations to solve for the six unknowns ¢, ¢r' ¢t’

Wy W and w_ at point 1.

t
+* . .
For points on the boundary r = Tos the I' and II* characteristics

represented by eqs. (19) and (20) with the upper signs are absent. For

013a



this problem, M. and Qr are specified along r = T Therefore,
eqs. (12) and (14) along with eqs. (19), (20) (with the lower signs),
(21), and (22)form a system of six equations necessary for the

determination of the six variables ¢, S0 bpo Wy W and w_.

T’ t
D, Specific Example

The problem considered in detail involved a plate made of
7075-T6 aluminum with the following dimensions and elastic properties:

o = 0.2613 x 10°° 1b-sec2/in k.2 = 0.85

2
G= 3.9 x 10° 1b/in2 E e 10.4 x 10° 1b/in2
r, = 7/64 in, va (0,33
h = 1/32 in.

This plate is of the same dimension and material as one in
the experimental tests made on plates with prepunched holes by Stepka
and Morse, as presented in Table 1 of Ref, 8, The projectile had a mass
of 0.042 1bm/cu.in, and a velocity of 6300 ft/sec. which gave an
impact kinetic energy of 140 ft-1lbs,

The calculations were performed on an IBM 7040 computer, with
an average running time of 30 minutes to obtain a plate response history
of 20 usec, For the assumed pressure distribution discussed in Section II,
it was found that the solutions converged to a stable value when a mesh
size of Ar = 0,00625 was used., Figure 6 shows a plot of Me (the
bending moment in the 6-direction) versus time at the boundary (r = ro)
for three different mesh sizes, Ar = ,0125, ,00625 and ,003125, As can
be seen, the difference between the curves with the two smaller mesh
sizes is very slight., It was also found that the same order of magnitude
of difference existed for all the dependent variables, both at the boundary

and at interior points in the plate,

-14~




Figures 7a through 7e show the distribution Mea Mo, Q. W
(plate deflection),and W (plate velocity) at several radii.

The maximum bending moment generated in the plate occured at the
boundary (r = ro). This can be observed by comparing values of Me and
Mr at several radii in Figures 7a and 7b to the values of Me at the
boundary (fo = 7/64 in.) in Figure 6, The maximum normal stress

~ generated in the plate due to bending can be obtained from the

following formula (see Ref, 16).

G, % womm 27

We see from Figure 6 that Me reaches a maximum of 24,75
in-1b/in. in 1,66 uysec, Therefore the bending stress for this impact
reaches a maximum value of 152,000 psi in the same time interval,

The shear stress at any point in the plate is given by (Ref. 17).

Q
F (28)

We see f?bm‘Figure 7¢ that Qr (transverse shear stress resultant)
builds up to a maximum value of -800 1b/in. at r = 0,25 inch within
1.4 ysec. Substituting this value of Qr into eq. (28) gives a value
for the maximum shear stress of 40,000 psi, which is about one-fourth
the valﬁe of the maximum bending stress, From other impact conditions
it was also observed that the maximum value of the shear stress did
not become much larger than one-fourth of the maximum value of the
normal stress in the plate, Therefore it can be concluded that the

stress governing failure is the bending stress obtained from eq. (27).
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IV THRESHOLD IMPACT ENERGY

Rinehart and Pearson in Ref, 18 have listed experimental values
of the critical normal fracture stress for several metals under the
action of dynamic or impulsive loads., Their results indicate that the
dynamic fracture stress of a metal under dynamic loading conditions is
approximately twice the value of the static yield strength of the metal,

We shall define a threshold impact energy as the kinetic energy that
will create, in a plate, a bending stress twice the value of the static
yield stress of the material., Therefore, any kinetic energy less than
the threshold kinetic energy is a safe value.

For 7075-T6 aluminum the static yield strength is 77,000 psi,
therefore the dynamic fracture stress of this metal would be 154,000 psi.
It was found in the previous section that a projectile kinetic energy of
140 ft-1b. generated a bending stress of 152,000 psi in a 1/32 in. thick
7075-T6 aluminum plate with an inner radius of T, " 7/64 in, Calculations
made for the same plate thickness and the same projectile diameter, but
at a higher impact velocity corresponding to an impact kinetic energy
of 210 ft-lbs,, yielded a maximum bending stress of 194,000 psi, con-
siderably higher than the dynamic fracture stress, By interpolation,
the threshold kinetic energy of 143 ft-1b. is obtained for this plate.
Experimental results reported in Ref. 8 indicated that a kinetic energy
of 210 ft-1b, failed a 1/32 in, plate, whereas a kinetic energy of 140
ft-1b, did not fail the plate; in agreement with our calculation.

In all cases that we considered in this report, the plates were

assumed to be prepunched, therefore all the kinetic energy of the
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projectile was transferred into the water behind the plate., Stepka and
Morse only stated results for one prepunched plate which was for 7075-T6
aluminum with a plate thickness of 1/32 of an inch, see Table I of Ref., 8,
This case gave good correlation with the results found in this report as
was previously pointed out, In order to compare the results of this report
with the rest of the tests in References 8 and 9, which are for unpunched
plates, we must now consider the amount of projectile kinetic energy that
is necessary to puncture the plate.

In an unpunctured plate there is a partition of the impact energy into
the amount necessary to puncture the plate and the remaining amount that
creates a high pressure region in the water. A comparison of the threshold
kinetic energy as obtained in this report with the experimental values of
References 8 and 9 will be pointed out in the following section.

In the analysis of the moving load problem the linear plate equations
(10) to (14) were used, These basic equations are only valid under the
conditions of small deflections., If large deflections occur in the plate
then the non-linear Von Karman equations or the membrane equations must be
used to describe the plate behavior, as was done in Ref, 19.

It was found that for a 1/64 in, thick 7075-T6 aluminum plate, which
was the thinnest plate studied, the maximum plate deflection did not
.exceed 0,017 inches for a kinetic energy of 50 ft-1b, which is the threshold
kinetic energy for the plate. Figure 8 shows a plot of the transverse
displacement of the midplane of the plate; w, versus r at the time when

the maximum bending moment M., and the maximum bending stress occur in the

eD
plate, At this time, the wave front in the plate is at a radius of 0.48
inches, Since 0,017 inches is not a large deflection for a plate radius of

0.48 inch, it can be concluded that the linear plate equations sufficiently

described the behavior of the plates for the present case.
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V  PARAMETRIC CALCULATIONS AND FRACTURE KINETIC ENERGY

The stresses generated in a plate subjected to a moving load depend
upon the material used, i.e., E, G, v, and p, and the geometry of the
plate, in this case the inner radius T, and the plate thickness h.
Therefore, if we consider the problem of a particle with a given kinetic
energy impacting into water through a hole in a plate, the stresses
generated in the plate due to the high pressure in the water may vary
considerably if the geometry or the material of the plate is changed.

Included in this report is a parametric study of two materials,
7075-T6 aluminum and 5AL-2,5 Sn (ELI) titanium alloy. The first material
was studied because there is sufficient experimental data available in
references 8 and 9 for comparison purposes. The second metal was chosen
because of its potential use in the application of liquid fuel tanks.,

Figures (9) and (10) are plots of threshold kinetic energy versus
plate thickness for the two different materials, both with r, = 7/64 in,
Note that as the plate thickness is increased, a higher impacting kinetic
energy is needed to fail the plate, This is because the resistance due to
bending increases as the plate thickness increases, It was previously pointed
out that the critical stresses generated in the plate were the normal stresses
due to bending, therefore it takes a higher impacting kinetic energy to generate

the same critical bending stress o, in a thicker plate, It should be noted that

o
the points on these curves are computer calculated, not experimental data,
Figure (11) is a plot of the threshold kinetic energy versus the plate
inner radius T, for a 1/32 in., thick 7075-T6 aluminum plate, It is interest-
ing to note that for the same kinetic energy input if the inner radius of

the plate is allowed to decrease, the bending moment M_ at the boundary

8

r=r increases, Hence, it takes a smaller threshold kinetic energy to fail
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a given plate with a smaller inner radius, This fact is illustrated in
Figure (11) of this report and also in Table I of Reference 9, assuming
that the given projectile radius is equal to T,

The threshold kinetic energies which are obtained in this report for
a 1/32 in, thick 7075-T6 aluminum plate with different inner radii are
consistently lower than those presented in Reference 9. The reason, as was
pointed out earlier in this report, is that in our calculation the
impacting particle is assumed to deliver all of its kinetic energy to the
water behind the plate, This condition is physically analogous to the
case where a particle impacts into water behind a plate through a prepunched
hole, Since all but one of the test firings in References 8 and 9 were for
un-punched plates, it took a higher kinetic energy than the threshold kinetic
energy to fail the plate; some of the kinetic energy was absorbed by the plate,
hence only a percentage of the impacting energy was transmitted to the water
behind the plate,

The actual mechanism of the perforation of a plate after being impacted
by a high speed projectile is quite complex. Immediately after impact strong
shock waves are produced both in the plate and in the projectile. These shock
waves, which initially are plane waves, are attenuated from the lateral free
surfaces of the projectile; upon reaching the back surface of the projectile
and the back surface of the plate they also reflect into rarefaction waves,
Depending on the impact velocity and plate material, the viscoplastic effect

may be important,
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In general terms, there are three processes for energy dissipation during
perforation. The first one is shock dissipation; it is well known that a shock
wave is an irreversible process, across which kinetic energy is dissipated
into heat energy. The second process of energy dissipation is the back splash
of the projectile material, Strictly speaking, this is not a dissipation, but
rather a transfer of part of the energy into the material that moves backward,
not into the tank. The third process is the viscous dissipation; kinetic
energy transfers into heat energy through viscosity of the material, For
simplicity, it will be assumed that the viscous dissipation is negligible,

For impact situations where the plate thickness is small compared with the
projectile diameter it will be assumed that the other two processes combined
will constitute a kinetic energy loss equal to the kinetic energy possessed

by a cylinder of the plate material having a thickness twice that of a plate,
a diameter equal to that of the projectile and traveling at a velocity equal
to the original projectile velocity. Based on this assumption the perforation
kinetic energy is calculated.

Shown in Table I is the results of calculated perforation energy and
threshold energy for a few impact cases. The corresponding experimental
results as reported in References 8 and 9 are also included in Table I,

It can be seen that the sum of the perforation energy and the threshold
energy, which will be called the fracture kinetic energy, is in general agree-
ment with the energy possessed by projectiles that actually perforated and

burst fuel tanks during experiments.
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TABLE 1

-~ CRITICAL ‘KINETIC ENERGIES FOR 1/32" 7075 T-6 ALUMINUM PLATE

-21-

CALCULATED EXPERIMENTAL
FRACTURE -
THRESHOLD |PERFORATION | ENERGY

PRO- : ENERGY ENERGY (ft-1b) ENERGY THAT

JECTILE PRO- PRE- (ft-1b) (ft-1b) (KE), = (KE), | PRODUCED

DIAMETER JECTILE  PUNCHED (KE) ., (KE)p . (KE) FRACTURE

TEST (in) MATERIAL  PLATE P (ft-1b)
1, 7/32 Aluminum yes 143 0 143 210 (Ref. 8)
2, 7/32 Aluminum no 143 142 285 330 (Ref., 8)
3, 1/8 Aluminum no 95 190 285 253 (Ref, 9)
4, 1/16 Steel no 55 76 131 140 (Ref. 9)




VI CONCLUDING REMARKS

The problem being studied in this report is primarily for an unprotected
fuel tank impacted by hypervelocity particles. If the velocity of the
projectile is extremely high, it is conceivable that for a bumper-protected
fuel tank the debris of the bumper and the projectile will still possess
enough kinetic energy to penetrate the tank wall and create a high pressure
region in the liquid fuel. For those cases the calculations performed in
this report are still applicable, However, for a properly designed bumper-
protected tank, the debris and the remnants of the projectile should not
possess too much kinetic energy, and should not be able to puncture the
main wall and create a high pressure region in the liquid fuel. In this case,
the main wall is loaded primarily on the front face by the debris cloud of
the impacted bumper. The pressure created in the liquid fuel will not be
too high; the deflection of the wall will be inward, instead of the outward
deflection of the unprotected wall, The problem of the stress, deflection,
and failure of a bumper-protected wall will be studied in the next phase of

this project.
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Figure 4, Values of the pressure at grid points during
early time after impact.
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APPENDIX A

APPROXIMATE TREATMENT OF THE JUMP CONDITIONS

When a discontinuity in stresses, or in the derivatives of dis-
placements, exists on the boundary, r = T, Or on the initial value line,
t = 0, it propagates along the characteristics in a manner as discussed
in Ref. 20. In'cafryihg out the numerical integfations of a problem, the
location of these discontinuities in the r;t-plane must be traced and
the jumps in all quantities must be accounted for. In the present
problem where the applied load has a moving wave front, discontinuities
are excited at every point on the wave front in the r,t-plane., If the
propagation of these discontinuities were to be handled exactly, the
numerical work would be prohibitive. In this appendix, it will be
demonstrated by simple examples that the propagation of these dis-
continuities may be treated in a simple approximate manner. More
specifically, the propagation of these discontinuities may be ignored
completely.

In the first example, we shall consider the following differential

equation governing the variable u,

2 2
3u _ 3w, .2 (A.1)
ax2  at?

where a value of a? = 3664 is used. An initial value problem is con-
sidered with the initial conditions at t = 0 as follows

u, = 0 | for - »m < x < =

u =0 for - = < x < 1,5 (A.2)

u =x = 1,5 for 1,5 < x ¢ @
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Thus u is 0 for x < 1.5, and 1 for x > 1.5, with a unit discontinuity
at x = 1,5, From eq. (17) of Ref. 20, and the corresponding equation
for C,, we have

u - u

x2 = - (utz - u

x3 t3)

(A.3)

u - u

x2 x1 = (U, - uy)

where subscripts 1, 2, and 3 refer to regions adjacent to the dis-

continuity point as shown below

¢

— ; —
/ /aé- 2' ')(

Since it is known that u, =0 u,m= 1, and U, ® U, 0, it can
be shown readily that the imposed discontinuity propagates along the

line x-t = 1,5 with magnitudes

[ux] = -0,5,
[ut] = +0,5

and along x+t = 1,5 with

[u)J = +0.5, A.5)

[ht] = +0,5

Using these jump conditions and the numerical integration procedure

(A.4)

of Ref. 20, the exact distribution of u is determined. Next, an approxi-
mate scheme which neglects all jumps across the lines x + t = 1,5, but

otherwise unchanged, is used and an approximate field of u is calculated.

-44.

A



comparison of the exact u field with the approximate one is demonstrated
in Figure 12, where the u, at x = 1,25 from the two calculations are
plotted. As can be seen, the solution with no jump conditions differs
from the one with correct jump conditions only during the first few
oscillations. After this, the solutions merge and show little
difference for all later times, The results at other x locations, and

for u and u,, are of the same form as those shown for u at x = 1.25,

t

The second example is a calculation made for a Timoshenko beam,

with the governing equations in dimensionless form, (see Ref. 20).

1 .
uxx--—--czutt-fzu-o-fsvx
1 (A.6)
1
vxx - c‘ 2 vtt - ux

N

where subscripts x and t designate partial differentiations.
Values of the coefficients used are
c, =1

0.5774

(g]
a

rh
|

1/3

Hh
]

1/3

g, =1
which agree with those used in Ref., 21, The problem consists of a semi-
infinite beam initially at rest and loaded suddenly at x = 0 by a constant
shear force. This loading condition may be expressed as

at t=0,0<x<>, umsvs=y =v =0

t ot (A.7)

at x =0, t >0, vy -us= 1, u, = 0

Thus, at x = 0, t = 0, a jump of [?X] - cz,[?i] = 1 is excited, which

will propagate along the line x - c,t = 0 with undiminished magnitude, Again,
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two sets of calculations were made, one with the correct jump conditions,
the other neglecting the jumps. The results are shown in Figure 13 as
shear force, Q, against time at two x locations. It can be seen that the
discrepancy between calculations with and without jumps is very slight;
except at the beginning, the two cases are almost the same. Plots of
curves of other quantities, such as velocity and moment, indicate the
same comparison is true. Calculations for other type of inputs for the
Timoshenko beam show that jumps can always be neglected.

In conclusion, it can be said that neglecting jumps in the method
of characteristics causes a relatively small difference in the results
obtained, In all of the results plotted, the greatest ;rror occured at
the time the discontinuity arrived, and, at long times the error became
negligible. This fact is very significant, since it allows the simple
solution of problems too complicated for the method of characteristics

merely because of the existance of jump conditions,
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APPENDIX B

COMPUTER PROGRAM FOR NUMERICAL CALCULATIONS

The program used for this problem is a very general one, which can
also be used for all of the problems stated in Ref. 20. For this reason
many of the input quantities in this program are not relevant to the
problem studied in this report, but because of the general nature of
the program they must still be defined, Other input quantities are
dependent upon the parameters of the plate and may be expressed as
simple functions of them, as will be seen below.,

The following variables from the plate problem must be known:

T, in inches; h in inches; Kinetic Energy in ft-1b,

Material characteristics: E in 1b/in2 G in 1b/in2

v (dimensionless) l(_2 (dimensionless)
cp and <, in in/sec, | |
The input for the program consists of 37 cards, containing the

following quantities in the formats given at the right:

1.  MZERO, MEFN1, MEFN2, MEFN3 (14,312)
2. XZERO, PINC (2E15.8)
3.  CEEl, CEE2 | (2E15.8)
4, - VAL, VA2, XCUT1 (3E15.8)
5. VB1, VB2, XCUT2 (3E15.8)
6. VCl, VC2, XCUT3 - (3E15.8)
7. AKAY1, GAMAL (2E15.8)
8.  AKAY2, GAMA2 (2E15.8)
9.  AKAY3, GAMA3 (2E15.8)

10, All, A21, A31, A4l (4E15.8)
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11,
12,
13,
14,
15,
16,
17,
18,
19,
20,
21,
22,
23

24,
25,
26,
27,
28,
29,
30,
31,
32,
33.
34,
35,
36.

37.

A51, A61, A71

CONSA

B11, B21, B31, B4l

BS1, B61, B71

CONSB

Cl1, C21, C31, C41

c51, C61, C71

CONSC

CKF1, CKF2, CKF3, CKF4
CKFS, CKF6

CKG1, CKG2, CKG3, CKG4
CKGS, CKG6

CKH1, CKH2, CKH3, CKH4
CKHS, CKH6

CKF2A

AZ1, AZ2, AZ3, AZ4

AZ5, AZ6, AZ7

BZ1, BZ2, BZ3, BZ4

BZ5, BZ6, BZ7

cz1, Cz2, Cz3, CZ4

Ccz5, Cz6, CZ7

FUU1, FUU2, FUUX1, FUUX2
FUUT1, FUUT2

FUV1, FUV2, FUVX1, FUVX2
FUVT1, FUVT2

FUW1, FUW2, FUWX1, FUWX2

FUWT1, FUWT2

-48-

(3E15.8)
(E15.8)

(4515.8)
(3E15.8)
(E1s.sj

(4E15.8)
(3E15.8)
(E15.8)

(4E15,8)
(2E15.8)
(4E15.8)
(2E15.8)
(4E15.8)
(2E15.8)
(E15.8)

(4E15.8)
(3E15.8)
(4E15.8)
(3E15.8)
(4E15.8)
(3E15.8)
(4E15.8)
(2E15.8)
(4E15.8)
(2E15.8)

(4E15.8)

(2E15.8)




The following quantities remain invarient for the plate problem and

are equal to the numbers indicated:

MEFN1 = MEFN2 = +3

VAl = VA2 = VBl = VB2
AKAY1 = AKAY2 = GAMA1l

A31 = A4l = AS51 = A6l

CONSA = 0,
Bll = B31 =
CONSB = 0.
Cll = C21 =
CONSC = 0.
CKF1 = -1.

CKEF3

CKF4

CKG1 = CKG2
CKH1 = CKH2
CKH3 = CKH4
AZ2 = AZ3 =

BZl = BZ3 =

Cz2 » C23 = CZ4 = CZS
FUUl = FUUZ = FUUX] =

FUV1 = FUV2 = FUVX1 =

B41 = Bé6l

C31 = C51

n

AZ4 = AZS

BZ4 = BZ6

CKF2

CKF6

CKG3

CKHS

CKH6

MEFN3 = +2

= 0.

= GAMA2 = 0,

= A71 = 0,

= B71 = 0,

= C61 = C71 = 0, C4l = 1,
1.
0.
CKG4 = CKG5 = CKG6 = 0,
-1,
0.

= AZ6 = 0,

= BZ7 = 0.

= CZ6 = 0,

FUUX2 = FUUT1 = FUUT2 = 0.
FUVX2 = FUVT1 = FUVT2 = 0,

FUW1 = FUW2 = FUWX1 = FUWX2

The following quantities

as follows:

FUWT1 = FUWTZ = 0,

vary with the variables of the plate problem

MZERO = number of points along t = 0 line (and thus also along boundary)

at which properties are to be evaluated,

XZERQ = r
0

CEEl = ¢
P

PINC = Ar

CEE2

k
2%2

XCUT1 = XCUT2 = r,
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VC} and VCZ = velocities from eq. (7) which approximates actual

shock for a given kinetic energy.

XCUT3 & radius at which shock wave velocity changes from VC1l to VC2,

AKAY3 = :Ez- and GAMA = y in the expression for peak pressure along
k24Gh .
the shock front: P_ = KrY ‘

All = D, A2l = =

0

B21 = BS51 = KZZGh

K22Gh
CKFS = —igme

K22Gh
CKF2A = -_E-_

AZl = D, AZ7 = Dv
Bz2 = BZS = K,26h
CAl = Dv, CZ7 = D
The output of the program gives the values of several variables at
all points in the physical plane, The quantities printed out; as they

appear in the output, are:
P

r, t, 0, o, —— L) b b
k, 26h X t
0, 0, 0, w, wxo Wes Mro Qro Me

The quantities which are listed as being printed out as zero at all
points have no significance for this problem, Some small truncation error
is introduced in the evaluation of the systems of equations at each point,

The values of Mr and Qr at the boundary are many orders of magnitude smaller

than those at all interior points. Thus, they may effectively be considered

to be zero. On the following pages is a listing of the general computer

code that was used in the analysis of the examples presented in this report,
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COMPUTER CODE
UNITS IN IN-LB-SEC SYSTEM

TIERFTC N=3ML
CIVENSIGONX(2430C)Y,T(2,300),PL1L2,3CC),PL2(2,300},PL3(2,300),U(2,30
10),UX{2,300),UT(2,2CO03V{29y3C0)9VX(243CC) VT(2,3C0),W{243C0),WX(2,
F307) 3 WT(2,300),Y¥(64,€),2(6),LU(¢€)

[4PUT FORMATS oL ‘

FURNAT(14,4,312)

FRMAT(2E15.3)

FURMAT(3ELD5.8)

FORMAT(E15.8)
3 FURMAT(4ELS5.8)
o CUTPUT FGORMATS

FURMAT({IH 4 35HNUMBER OF POINTS ALONG T=3. LINE = ,14)

FORMAT(LIH LBHXZERD = yL15,845XyGHDELTAX = ,£E15.8)

FURNAT(1IH ,25HCL = ,E15.8,5X%X,5HC2 = 4£15.8)

FURMAT(1H ,/)

FURMATULH 46HVAL = ,E15.8,5X,6FVA2 = 4E15.8,5X48HXCUTL = ,£15.8)
FORIAT (1K 440HLCAD UNIFORM TC LEFT QF LINE FOR ANY T)

FORMAT(1IH 492HLGAD LINEARLY LCECREASING TC LEFT CF LINE FGR ANY T
1)

FORMAT(1H ,30HLCAD
L3 FIRMAT(1H4 ,21HLCAD
AC4 FOR#AT(LIH ,6HVBL
285 FURMAT(1H ,AHVC]
306 FORuAT(LIH ,40HLOAD
SO07 +JIR#AT(1H 4 52HLCAD
1) o
333 FULREAT(LIN 4 30HLOAD 2 CCWCENTRATED ALONG LINE)
RCS FORWMAT(1IH L,Z21HLCAD 2 ALCNG LINE = (yEL15.8,6H)/X#u{4E15.8,1K))
2
3

FEE NI

—
N

AT

—
[ S BENVIRN
[y

—
N

1 CONCENTRATED ALUGNG LINE)

1 ALCNG LINE = (4E15.8,0H)/X#e(4E15.8,41H))
1EL154895%X,6FVR2 = 4,EL15.895XsBHXCUT2 = ,E15.8)
1ELS548y5%X,6FVC2 = 4E1548,5X,3HXCUT3 = ,E15.9)
2
2

UNIFORY TC LEFT OF LINE FOR ANY T)
LINEARLY CCCREASING TOQ LEFT OF LINE FCGR ANY T

310 FURMAT(LH ,4)HLCAC .2 UNIFORM TC LEFT OF LINC FOR ANY T)
311 FCR#AT(IH ,52HLCAD 3 LINEARLY CECREASING [0 LEFT OF LIANE FCR ANY T
1)
312 FURMAT(1H ,30HLCAD 3 CONCENTRATED ALGNG LINE)
813 FURMAT(LH ,21HLOAL 3 ALGNG LINE = (,E15.8,6H)/Xss{,F15.8,1H))
14 FCRMAT(LH 57Xy LlFXy 15X, LHT 13X, EKLOAD 1,10X,6HLCAD 2,1uX,6HLCAD 3,1
12Xy 1HU, 15X, 2HUX , 14X, 2HUT)
122 FORUATULH 97XelhVy 14Xy 2HVX 14X 3 2HVT 15K LHIy L4X 9 2HAX y L4X 9 2FWT 5 12X,
L12HS 1, 11X, 2H52, 114, 2K$3,//)
80C FURKAT(LIH ,8(EL15.8,1X),1H0)
301 FURMAT(LH ,3(E15.8,1X),1HB)
3C2 FORMAT(LH 43(EL15.8,1X),1KRI)
333 FORMAT(LH ,8(E15.8,1X),1HT)
121 FURMAT(LIH 6(EL15.8,1X)32{E1le441X)4ELlL.4)
17 FORMAT(LH ,36HMAIN CIAGCNAL GF SOLUTIGN MATRIX FCR)
5960 FURNAT(LH ,33HTHIS POINT CONTAINS A C. ELEMENT.)
124 FORFATULH ,6HS1 = (,E15.8,6F)#LX+(,E15.8,5H)#U+(,EL15.8,6H)#VX+(,E1
15.3,5H) 8V H{,EL15.8, 6H) #wX+ (yE15.0,4H) ¥+ )
125 FORMATULH ,2H+(,E15.3,5H) #U/X)
126 FIRMAT(IH ,0HS2 = (,EL548,6F)#UX+(,E15.8,5H)#U+(,E15.4,6H) 2VX+(,E1
1503, 5H) #VH {51548, 6F)#WX+(1E15.8,4H) 2+ )
IFLT FURMATIIH 46HS3 = (,E15.8,6H)#LX+{,F15.8,5H) #U+(,E15.3,6H) #VX+(,E1
15.%,5H)*V*(1E1503yOH)*WX+(,ElS-HyQH)*w+)
127 FORMAT(IH ,4HAl= ,E15.8)
128 FURMAT(LH ,4HBl= ,E15.8)
123 FURMAT(LIH ,4HCl= 4£15.8)
130 FURMATULH ,1H(,£15.8,6H) %UX+(,EL15.8,5H) #U+(4E15.8,6H) %VX+(,E15.8,5
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IH) #V4 (3 E15.8,6H)I#WX+{ 9 EL5.894H) #W+)

131 FORMAT(1H ,2H+(4E15.8,7H)#UT=Al)

132 FORMAT(1H ,2H+(,E15.8,7H)*VT=B1)

133 FORMAT(1IH ,2H#{,E15.8,7TH)*WT=C1)

134 FORMAT{1H y7THFUUl = ,E15.8,3X,THFUU2 = ,E15.8,3X,8HFUUX]1 = ,E15.8,
13Xx,8HFUUX2 = ,E15.8)

7031 FORMAT(1H ,8HFULT1 = ,E15.8,3X,8HFUUT2 = ,E15.8)

135 FORMAT(1H ,6HF1 (,E15.8,43H)/X)

136 FORMAT(1H ,6HF2 (1E15.8,8H)/x#824(,E15.8,1H))

137 FORMAT(1H ,5HF3 = ,E15.8)
138 FORMAT(1H ,5HF4 = ,E15.8)
139 FORMAT(1H 45HFS = ,E15.8)
140 FORMAT(1H ,5HF6 = ,E15.8)
141 FORMAT(1H ,5HGL = ,E15.8)
142 FORMAT(1H ,5HG2 = ,E15.8)
143 FORMAT(1H ,5HG3 = ,E15.8)
144 FOURMAT(1H ,5HG4 = ,E15.8)
145 FORMAT(1H ,5HGS = ,E15.8)
146 FORMAT(1H ,5HG6 = ,E15.8)
147 FURMAT(LH ,5HHL = ,E15.8)
148 FORMAT(1H ,6HH2 = (4E15.8,43H)/X)
149 FORMAT(1H ,5HH3 = ,E15.8)
150 FORMAT{1H ,5HH4 = 4,E15.8)
151 FURMAT(LIH ,6HH5 = (4,E£15.8,3K)}/X)
152 FORMAT(1H ,5HH6 = ,E15.8)

153 FORMAT(1H ,7HFUVL = ,E15¢8,43X,THFUV2 = ,E15.8,43X,8BHFUVX]1 = ,E15.8,
13X,8FFUVX2 = ,E15.8)
7032 FURMAT(1H ,8HFUVTL = sEL15.893X,y8HFUVT2 = ,E15.8)
154 FORMAT(1H ,7THFUWL = 4E15.8,3Xy THFUKZ = ,E15.893Xy8HFUWNX] = 4E15.8,

13Xy THFUWXZ2 = yE15.8)
7033 FORMAT(1H ,8HFUWTYl = ,E15.8,3X,8HFUWT2 = ,E15.8)
C READ INPUT DATA
READ 1,MZERO+MEFNL,NMEFN2,MEFN3
READ 2,XZERO4PINC
READ 2,CEE1,CEEZ2
READ 3,VALl,VA2,XCUT1
READ 3,vBl,VvB2,XCUT?2
READ 3,VC1l,VC2,XCUT3
READ 2,AKAY1l,GAMAL
READ 24,AKAY2,GAMA2
READ 2,AKAY3,GAMA3
READ 1204A114A21,A31,A41
REAL 3,A51,A61,A71
READ T,CUNSA
READ 120,B811,B21,831,841
READ 3,851,B61,871
REAL 7,C0ONSB
READ 120,C11,C21,4C31,C41
READ 31C51,C61'C71
READ T7,CONSC
READ 120,CKF1,CKF2,CKF3,CKF4
READ 2,CKF5,CKFé¢
READ 120,CKG1,CKG2,CKG3,CKG4
READ 2,CKG5,CKG6
READ 120,CKH1,CKH2,CKH3,CKH4
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16

123
18

8la
815

816
317

818
819

820
821

READ
READ
READ
READ
READ
READ
READ
READ
READ
READ
READ
READ
READ
READ
READ
READ
READ

120,CKG1,CKG2,CKG3,CKG4'

2,CKG5,CKGE

120,CKH1)CKH2,CKH3'CKH“
2,CKH5,CKHE ‘

T7+CKF2A

120,AZ1,A22,A23:A24
3,A25,A26,A27
120,BZ1,B22,823,8Z4
3,B825,B26,827
120,C21,C22,C23,C14
3,025,C26,C27

120,FUUL, FLU2,FUUX1,FUUX2
2, FUUT1,FUUT2

120,FUV1, FUV2,FUVX1,FUVX2 |
2y FUVTL1,FUVT2

120,FUW]l, FUW2,FUWX1, FUNX2

2+ FUWT1,)FUNWT2

EM=CEE1/CEEZ2

FAK1l=
FAKZ2=
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT
GO TC
PRINT
GO TG
PRINT
GO TC
PRINT
PRINT
GO TC
PRINT
GO TC
PRINT
GO TC
PRINT
PRINT
GO TC
PRINT
GO TGO
PRINT
GO TC
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT

PRINT

(EM‘I!)/(ZQ’EM)
(EM-IO)/(EM+10)

ELEGANT PRELIMINARY PRINTCUT
8

44MZERQO

59XZERQ, PINC

6,CEE1,CEE2
9,VALl,VA2,XCUT1
804,VB1,VB2,XCUT2
805,VC1,VC2,XCUT3
13,AKAY1,GAMAL
(15,169123)4MEFN1

10

18

11

18

12

809,AKAY2,GAMA2
(814,815,816)4yMEFN2

806 ;

817

807

817

808

813,AKAY3,GAMA3
(818,819,820),MEFN3

810

821

811

821

812 '
130,A11,A21,A31,A41,A51,A61
131,A71

127,CCONSA
130,B811,821,B831,B41,851,861
132,871

128,CONS8
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PRINT 130,C11,C21,C31,C41,C51,C61
PRINT 133,C71 .
PRINT 129,CONSC
PRINT 134, FUUL, FUU2,FUUX1,FUUX2
PRINT 7031,FUUTL,FUUT2
PRINT 153.Euv1.EU!};FUVXLifQ!xzww -
PRINT 7032,FUVT1,FUVT2
PRINT_1545 FUNLFUN2 s FUWX1, FUKX2
PRINT T7033,FUWT1,FUWT2
PRINT_ 135,CKF1__
PRINT 136,CKF2,CKF2A
PRINT 137,CKF3 |
PRINT 138,CKF4
PRINT 139,CKF5
PRINT 140,CKF6
PRINT 141,CKG1
PRINT 142,CKG2
PRINT 143,CKG3 _
PRINT 144,CKG4
PRINT 145,CKGS
PRINT 146,CKG6
PRINT 147,CKH1
PRINT 148,CKH2
PRINT 149,CKH3
PRINT 150,CKH4
PRINT 151,CKH5
PRINT 152,CKH6
PRINT 124,A21,AZ24AZ3,AZ44A25,AZ6
PRINT 125,A17
PRINT 126,821,B22,B23,B24,B825,B26
PRINT 125,827
PRINT 9817,C21,C22,C23+CZ4,CZ5,CZ6
PRINT 125,CZ7
PRINT 8
PRINT 14
PRINT 122
GO TG 100
LOAD DEFINITIONS
20 GO TO (850, 851.852).10107
850 V1=VAl
V2=VA2
XCUT=XCUT1
AKAY=AKAY1
GAMMA=GAMAL
NSTOP=NS1
MEFN=MEFN1
GO TG 860
851 V1=VB1
v2=VB82
XCUT=XCUT2
AKAY=AKAY2
GAMMA=GAMA2
NSTOP=NS2
MEFN=MEFN2
GU TC 860
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852 v1=v(Cl
v2=vC2
XCUT=XCUT3
AKAY=AKAY3
GAMMA=GAMA3
NSTOP=NS3
MEFN=MEFN3
86C GO TG (21341,61),MEFN
LOAD UNIFORM TO LEFT OF LINE FCR ANY T
21 IF(XP=XCUT)22,32,32
22 IF(TP—(IXP-XZERC)/V1))23, 24:24
23 P=0. __
GO 70 81
24 TF{TP-{{XCUT=XZERQ)/V1))25,26,26
25 IF(VI’TP*XZERO)7CO 701,7C0
701 P=AKAY
GO TG 81
7C0 P=AKAY/((V1*TP+XZERO)=»=GAMMA)
GO TC 81
26 P= AKAY/((XZERU+(V2*TP)+(1-'V2/V1)*(XCUT—XZERU))**GAVMA)
GO 76 81
32 IF(TP-{((XP=XCUT)/V2)+{(XCUT-XZERO)/V1)))33,34,34
33 pP=C.
GO 70 81
34 P= AKAY/((XZERO+(V2’TP)*(lo-VZ/Vl)*(XCUT XZERU))**GANMA)
GO TG 81
LOAD LINEARLY DECREASING TO LEFT OF LINE FOR ANY T
41 TF(XP=XCUT)42,52452
42 IF(TP-{(XP-XZERC)I/V1))43,44,44
43 P=0‘ .
' GG TO 81
44 TF(TP-({(XCUT-XZERO)/V1))45+,46,446
45 IF(V1+TP+XZERQ) 702,703,702
703 P=AKAY
GO TO 81
702 IF(TP-{+0.10000000E-05))760,76C,761
760 P=(+0. 20000000E+00)*AKAY/((XZERG+V1*TP)*'GAMMA)
GO 70 81
761 P= ((((XP—XZERU)/(VI*TP))*'4 )*AKAY)/((XZERU+V1*TP)**GAMNA).
GO TC 81 . C
46 TIF(TP- (+0 IOOGOGOOE 05))7621762,763
762 P= (+0_ZOOOOOQQEQCO)lAKAY/((XZERU+(VZ*TP)*(lo-VZ/Vl)*(XCUT-XlERO))!
1=GAMMA)
GO TC 81 L
763 P‘((((XP‘XZERO)/((VZ*TP)*(lo-VZ/Vl)‘(XCUT-XZERU)))’*4 JAKAY)/ ((XZ
1ERC+(V2#TP)+{1.-V2/V1)#(XCUT-XZERQ) ) #=GAMMA)
GU TO 81
52 TF(TP-(((XP-XCUT)/V2)+((XCUT-XZERQ)I/V1)))53,54,54
53 P=0.
GO 70 81
54 IF(TP-(+0. IOOOCCCOE ~05))764,764, 765
764 P=(+0.20000000E+00) #AKAY/ ({XZERC+(V2#TP)+(1.-V2/V1)#({XCUT-XZERC))+*
1+«GAMMA)
¢Go o8y -
765 P=({((XP- XZERU)/((VZ*TP)+(1o-V2/V1,*(XCUT XZERO)))**4 )*AKAY)/((XZ
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LERC+(V2#TP)+{1e=V2/V1)®(XCUT-XZERQ))*#GAMMA)
Gu T 31
LUAD CONCENTRATEC ALONG LINE
61 GU TO (63,62),NSTOP
62 P-—-Qo
Gy TC 31
63 IF(XP=XCUT)64,7C,7C
64 [F(TP-({XP-XZERC)/V1))65,66,66
65 P=0,
S0 Te 6l
66 IF{XP)T0S5,T0U6,4,T7CH
TCe P=AKAY
NSTup=2
Gu T U1
7Cn P=AKAY/ (XP##GANNA)
MSTUp=2
50 1C 71
¢ IFQIP=L({XP-XCUT)/V2)+({XCUT-XZERQ)/VL)))T1,72,72
71 P=".
G TC 71
72 P=AKAY/ (XP##GANMMA)
NSTuPkP=?
GU TG 21
PRELIMINARY DEFINITIONS
1CC X(1,1)=X2ERQO
T(l,1)=17.
Utl,yl)=Fuul
Ux({l,1)=FUuxi
UT(1,1)=FUUT1
V(l,1)=FUV1
VX({l,y1l)=FUVX1
VTI(l,1)=FUVT1
Wll,1)=FUwl
WX(1ly1)=FUWX1
wlT(1l,1)=FUWTL
IF(X(1l,1))101,1C1,1C2
101 PLI(l,1)=AKAY]
PL2(1,1)=aKAY2
PL3(1,1)=aKAY3
S1=A71#UX(1,1)+AZ22#U( L1y 1) +AZ3%yX(Ly1)+AZ4%N(1,1)+A25%#uX(1,1)+A262Y
1(1,1)
S2=FL18UX(1y1)+B228U(1,1)+823%yX(1,1)+B24%#V(1,1)+BZ5#uX(1,1)+BZ6%W
1(1,1)
S3=CZ1#UX(1,1)+CZ22%U(1,1)+CL3%VvX(1,1)+CZ4%V{1,1)+CZ5#WwX(1,1)4C26=NW
LeL, 1)
50 TL 103
102 PLI(1,1)=AKAYL1/(X(1lyl)neGAMAL)
PLZULyL)=AKAY2/(X(1,1)#=GAMAZ)
PL2(L, L)=AKAY3/(X(1l,1)%%GAMAT)
S1=AZ1%UX(1,1)+AZ2%U(1, 1) +A232yX(1y1)+AZ4%V(1,1)+AZ5#WX{Lls1)+AJ6%N
Tl 1) +AZ7#U(1,1)/X(1y1)
S2=0721#UX{1,1)+8222U(141)+BZ3wVX(1,1)+BZ4#V(1,1)+R2Z5#WX(1l,1)+BZ6*W
LOL, 1)+ Z7#U(1,1)/X(1,1)
$3=C21#UX{Ly1)4CZ22%U{(1,1)4CZ3xyX({1,1)4C24%V(1,1)4CZ5%#WX(1e1)+C26%W
LOLy1)4C2Z7xU(1,y1)/X{1,1) '
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103 PRINT 802,X(151)yT{191)sPL1(1s1)sPL2{1y1)4PL3(151),U(1,51),UX{(1,y1l),
1UT(1,1) e e e
PRINT 121,V(1.1)9VX(111)1VT(191);“(1)1)1“X(191)1“7(1'1)951132 53
PRINT. B _______ . .
LI=2
XLI=LI
NS1=1
NS2=1 o _._
NS3=1
GO J0 200_______
RE!NDEXING OPERATICNS
110 LI=L]+]
IF(LI MZERO)llltlll’gggg
111 XLI=L1 _
KFF=2#11-3
DO 112 KFJ=1,KFF,1
X{14KFJ)}=X(29KFJ)
TULKFJI=T{24KFJ) _
PLl(viFJ] PL1(2, KFJ)
PL2(1,KFJ)=PL2{2,KFJ)
PL3{1,KFJ)=PL3(2,KFJ)
U(1,KFJI=U(2,KFJ)
UX{1,KFJ)=UX{2,KFJ)
UT(1,KFJ)=UT(2,KFJ)
V(1,KFJ)=V{2,KFJ)
VX{1,KFJ)=VX(2,KFJ)
VT {1,KFJ)=VT{2,KFJ)
W(l,KFJ)=W{2,KFJ)
WXT1yKFJ)=WX(2,KFJ)
112 WT(1,KFJ)=WT(2,KFJ)__
NS1=1
NS2=1
NS3=]
INPUT POINT DEFINITIONS
200 X(291)=XZERQ+2.%PINCx(XLI-1.)
T(2,1)=0.
XP=X{2,1)
TP=T(2,1)
MAMA=1
IDI0T=1
G0 TO 20
201 GO 7G_1{870,871,872),IDI07
870 PL1(2,1)=P
NS1=NSTOP
IDIOT=2
GO TC 20
871 PL2(2,1)=P
NS2=NSTQOP
IDIOT=3
GO 1C 20
872 PL3({2,1)=P
NS3=NSTOP
214 U(2,1)=Fuul
UX(2,1)=FUUX]
UT(2,1)=FUuTl

— e o e e e e e e e e —— e e im = = e e -

- e - ~ i o = o e ——
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202
880

881

882

V(2,1)=Fuvl

VX(2+1)=FUVX1~
VT(2,1)=FUVTl
Wi2,1)=FU¥l _ -
WX(2y1)=FUWX1
WI(2,1)=FUWT1

X(2+2)=X(2,1)-PINC
T(2,2)=PINC/CEE]
XP=X(2+2)
TP=T{2+2) __ .
MAMA=2
IpjoI=1 ___

GO TG 20

—r—— -

GO T0_(880,881,882),IDI0T __ _____.

PL1(2,2)=P
NS1=NSTOP_
IDIOT=2

GO TG 20
PL2(2,+2)=P
NS2=NSTOP__
ID1QT=3

GO T0 20
PL3(2,2)=P
NS3=NSTOP
X1=X(242)
X3=X{2,1)
X9=X{1,1)
U3=u(2,1)
UX3=UX(2,1)
UT3=UT(2,1) _
V3=V(2y1)
VX3=VX(2,1)
VT3=VT(2,1)
W3=W(2,1)
WX3=WX(2,1)
WT3=hT(2,1)
u9=u(l, 1)
UX9=UX(1y1)
uT9=UuT(1,1)
V9=V(191)'~“'
VX9=VX(1ls1l)
VT9=VT(1,1)
Wo=W(1l,1)
WX9=WX{1lyl)
WT9=WT(1,1)

X6=X9+2 .#FAK1#PINC,

X4=X3-2.2#FAK1#PINC
U6=FuU1
UxXé6=FUUX1
UT6=FUUTL
Vé6=FUVl
VX6=FUVX1
VT6=FUVT1
We=FUWL
WX6=FUWX1
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wio6=FUnTL1
U4=Fuul . __
UX4=FUUX1
UT4=FUUT1
V4=FUV1
VX4=FUVX1

VT4=FUVTL
W4=FUW)___
WX4=FUWX1
WT4=FUWTL_  ___ o I
FLC1=PL1(2,2)
FLC3=PL1{2,1)
FLC9=PL1(1,1)
GL01=PL2(2,2).
GLD3=PL2(2,1)
GLD9=PL211,1)
HLC1=PL3(2,2)
HLC3=PL3(2,1)
HLE9=PL3(1,1)
HLC4=HLD3+FAK1# (HLC9-HLD3)
HLD6=HLD9+FAK 1# (HLD3-HLD9)

60 TC_210 .

211 UX(2,2)=UU(1)

UT (2,2)=UU(2)
VX(2,2)=UU(3)
VT(2,2)=UU(4)
WX(2,2)=UU(5)
WT(2,2)=UU(6) }
U(2,2)=U3+((UX(2,2)4UX3)/2.-(UT{2,2)14UT3)/(2.#CEEL))#DX13
V(202)=V3+((VX(2y2)4VX3)/2.=(VT(2,2)4VT3)/(2.#CEEL)) #DX13
W(2,2)=Wa+({WX(242)+NX4) /2= (WT(2,2)4WT4)/ (2. #CEE2) ) #DX14
=1

XI=1

300 IF(2#L1-3-1)301,301,203
ORDINARY POINT CEFINITIONS

203 X(2,1+42)=XZERO+PINC*{2.#XLI-X1-3.)
T(2,142)=(XI+1.)#PINC/CEEL
XP=X[2,142)

TP=T(2,1+2)
MAMA=3
IDIOT=1

G0 TG 20

204 GO TO (890,891,892),IDI0T

890 PL1(2,1+42)=pP
NS1=NSTOP
IDIOT=2
GO TO 20

8S1 PL2(2,1+42)=pP
NS2=NSTOP
IDI0T=3
GO TO 20

892 PL3(2,1+42)=P
NS3=NSTOP
X1=X(2,142) _

X3=X(2,I+1)

e p— e
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X9=X(1l,1+1)
X4=X3-FAK2#PINC
_U3=U(241+1)__
UX3=UX(2,1+1)
T UT3=UT(2,1+1)
V3=V{2,1+1) -
o NX3=VXM 29 3¥))) e o
VT3=vT(2,1+1)

WX3=WX(2,1+1)
 WT3=WT(2,1+1)

U9=U(1,1+1)
UX9=UX(1,1+1)
UT9=UT (1, 1+1)
V9=V(l,1+1)
VX9=VX(1,1+1)
VT9=VT(Ll,I+1)
WI=W(l,1+1)
WX9=WX{1,141)
WT9=WT(1,1+1)
U4=U3+FAK2#(U(1,1)-U3)
UX4=UX3+FAK2#{UX(1,1)-UX3)
UT4=UT3+4FAK2#(UT(1,1)-UT3)
V4=V3+FAK2%(V(1,1)-V3)
VX&4=VX3+FAK2# (VX{1,1)-VX3)
VT4=VT3+4FAK2#(VT(1,1)=~VT3)
W4=W3+FAK2#(W(1s1)-W3)
WX4=WX3+FAK2# (WX (1, 1)=WX3)
WT4=WT3+FAK2# (WT(1,1)~WT3)
U6=U9+FAK2#(U(1,1)-U9)
UX6=UX9+FAK2#(UX{ 1,y I)~UX9)
UT6=UT9+FAK2#{UT(1,1)~UT9)
V6=VI+FAK2%(V(1,1)-V9)
VX6=VX9+FAK2# (VX (1, [)=VX9)
VT6=VTO+FAK2# (VT (1, 1)-VT9)
WO=WI+FAK2% (W(1,1)=-n9)
WX6=WXI+FAK2# (WX( 1, [)=WX9)
WT6=WTO+FAK2# (WT(1,1)-WT9)
FLD1=PL1(2,1+2)
FLEC3=PL1(2,1+1)
FLC9=PL1(1,1+1)
GLC1=PL2(2,1+2)
GLC3=PL2(2,1+1)
GLD9=PL2({1,1+1)
HLD1=PL3(2,142)
HLC3=PL3(2,1+1)
HLD9=PL3(1,1+1) o o
HLO4=HLD3+FAK2#(PL3(1, 1)-HLD3)
HLC6=HLD9+FAK2#(PL3 (1, 1)-HLDY)
GO TC 210

212 UX(2,1+2)=UU(1)
UT(2,1+2)=UU(2)
VX(2,1+2)=UU(3)
VT(2,1+2)=UU(4)
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3C1

302

900

9C1

902

WX{2,1+2)=UU(5)
WT(2,1+2)=UU(6)

UL2,142)=U3+( (UX(2, 1+2)+UX3)/2.-(UT(2,1+2)+UT3)/(2.#CEEL) ) #DX13
V2, 142)=Y3+{(VX(2,1+2)+VX3)/2.-(VT(2,142)4VT3)/(2.#CEE]1))#DX13

W(2,142)= H4+((WX(ZoI+2)+HX4)/2.-(HT(2,I+2)+HT4)/(2.*CEE2))iDX14

I=1+1_

XI=1 ,

GO TC_300 _ -
BOUNDARY POINT CEFINITIONS
X{22142)=X1ERD
T(2,1+2)=(XI+1.)#PINC/CEE]

XP=X(2,142)

TP=T(2,1+42)

MAMA=4

1DI0T=1

GO.70.20 _ .

GO TO 1900,901,902),1DICT
PL1(2,142)=P
NS1=NSTOP
IDIOT=2

GO0 TO 20
PL2{2,1+2)=P
NS2=NSTOP
I0I0Y=3 _
GO0 TG 20
PL3(2,1+2)=P
NS3=NSTOP
X1=X(2,1+2)
X3=X(2,1+1)
X4=X3-FAK2#%PINC
U3=U(2,1+1)
UX3=UX(2,1+1)
UT3=UT(2,1+1)
V3=V(2,1+1)
VX3=VX{2,1+1)
VI3=VT(2,1+1)
W3=W(2,I+1)
WX3=hX{2,1+1)
WT3=WT(2,1+1)
U4=U3+FAK2#{U(1,1)~U3)
UX4=UX3+FAK2#{UX{1,1)=UX3)
UT4=UT3+FAK2#(UT(1,1)-UT3)
V4=V3+FAK2#(V(1,1)-V3)

VX4=VX3+FAK2# (VX (1lyI)=-VX3)

VT4=VT3+FAK2#(VT(1,1)-VT3)
Wa=W3+FAK2# (W(1,1)-W3)
WX4=WX3+FAK2# (WX{1,1)-wX3)
WTA=WT3+FAK2# (WT(1,1)=WT3)
FLD1=PL1(2,1+2)
FLD3=PL1(2,1+1)
GLD1=PL2(2,1+2)
GLD3=PL2(2,1+1)
HLD1=PL3(2,1+2)
HLD3=PL3(2,1+1)
HLD4=HLD3+FAK2#(PL3(1,1)-HLD3)
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A1=CONSA
BI;CO.N:S.B__;._,__...;L_ -
C1=CONSC ; :
DX 3= X X o e e e e ———— e
DX14=X1-X4 ' ' :

Y(2,1)=A11+A21#0X13/2, L ' B
Y(2,2)= A71 A21#DX13/(2.#CEE1)

PR o R ol K4AN O e e e e e e e e A B e e T e = - — W O e TR T e e e e = =

Y(2, 4)—-A41*DX13/(2.*CEE1!
Y(2,5)=A51+A61#0X14/2,
Y(2,6)=~A61#DX14/(2.#CEE2)
Z12)=A1-A21#DX13#(UX3-UT3/CEE1)/2.-A21#U3-A41&DX13%(VX3-VT3/CEEL)/
12.~A41%V3—A614DX14% (WX4—WT4/CEE2)/2.-Ab1oW4

Y(4,1)=Cl14C2180X13/ 20
Y{4,2)=-C21#DX13/(2.#CEE1)
Y(4,3)=C31+C4120X13/2. )
Y(4,4)=—C41%#DX13/(2.#CEEL)
Y{(4,5)=C51+C61#DX14/2.
Y(4,6)=CT1-C61%DX14/(2.#CEE2)
214)=C1-C21#DX13#(UX3-UT3/CEEL)/2.~C21%U3-C41#DX13»(VX3~-VT3/CEEL)/
12.-C41#V3-C61#DX14% (WX4—WT4/CEE2)/2.-C6L5W4

Y(5,1)=B114B21#DX13/2.
Y(5,2)=-821#DX13/(2.%CEE1)
Y(5,3)=B31+B41#0X13/2.,
Y(5,4)=B71-B41%CX12/{2.#CEE1)"
Y{5,5)=B51+861#DX14/2.
Y(5,6)=-B61#DX14/(2.%CEE2)
Z(5)=B1-B21#DX13#(UX3-UT3/CEE1)/2.~B21#U3-B41%DX13#(VX3-VT3/CEE1)/
12.-B41%V3-B61#DX14% (WXK4~WT4/CEE2)/2.-Bb61leW4

GO_TGQ 215

213 UX(2,1+2)=00(1)

UT(2,142)=UU(2)
VX(2,1+2)=UU(3)
VT(2,142)=UU(4)
WX(2,1+2)=UU(5)
WT(2,1+42)=UU(6)
UL2,1+2)=U3+({UX{2, 1+2)+UX3)/2.~(UT(2,1+2)+UT3)/(2.#CEE1) ) #DX13
VI2,142)=V34((VX(2,142)4VX3)/2.~(VT(2,142)4VT3)/(2.#CEEL))#DX13
W2, 142)=Wa+( (WX{2, I42)+WX4) /2~ (WT(2,1+2)+WT4)/(2.#CEE2) ) #DX14
TF(X(2, 1+z))220.221.220

1I+2)+A26*w(2,1f2) .
S2=BZL1#UX(2,142)+BZ2#U(2, [+2)4BZ3#VX(2, 1+2)+BZ4*V(2,1+2)+BZ5*WX(2,
11+42)+BZ6%W(2,51+2)
S$S3=CZ1#UX(2,1+2)+CZ2%UL2, I+2)+CZB’VX(2.I+2)+CZ4'V(2.L+2)+CZS*HX(2.
1I1+2)+4CZ6%W(241+2)
GO TO 222

220 S1=AZ1#UX(2¢1+42)+A228U(2,142)+AZ238VX(2,1+42)4A248N{2,1+2)+A258WX(2,
LT+2)+AZ64#W (2, 1+42)+AZT2U(2,142)/X12,1+2)
S2=BZ1#UX(2,142)+BZ2#U(2,142)+BZ38VX(2,142)+BZ4#V(2,1+2)+BZ5%WX(2,
1LI+2)+BZ6#W(2,1+42)+BZT#U(2,142)/X(2,142)
S3= CZl*UX(z.I+2)+C12*U(2,1#2)+CZBGVX(2,I+2)+cz49yjz<I#2)+CZS~HX(2.
11+42)4CZ6%W (2, 142)+CZT2U(2,1+2)/X(2,1+42)

222 PRINT B801yX(2,1+42),T(25142),PL112,1+2),PL2(2,1+2),PL3(2,142),U(2,]
142),UX(2,142),UT(2,1+2)




PRINT 121,V(2,142),VX(2,1+2), VT(Z;I+2)pN(Z,I+2),NX(Zrl+2)pHT(291¥2
1),51,52,53
PRINT 8
GO 7C6.110 SO i .
81 GO TO (201,202,204,302),MAMA
21C DX13=X1-X3
DX14=X1-X4%
DX16=X1-X6_ __
0X19=X1-X9
F119=(CKF1/2.)#(+1./X1+1./X9)
F219=(CKF2/2.)#(1./X1%#2+1./XS2%2) +CKF2A
F319=CKF3

e et m e e e e - —

F419=CKF4
F519=CKF5_
F619=CKF6
G119=CKGL
G219=CKG2
G319=CKG3.
G419=CKG4
G519=CKE5
6619=CKG6
H116=CKH1
H216=(CKH2/2,)#(+1./X1+1./X6)
H316=CKH3 _

H416=CKH4

H516={CKH5/2.)#(+1./X1+1./X6€)

H616=CKH6

F719=(FLD1+FLDS)/2.

G719=(GLD1+GLD9) /2.

H716=(HLDL+HLD6)/2.

Y(2,1)=CEELl#{-1.4F119+DX19/2.4F219#DX19%DX13/4.)

Y{(2,2)=1.-F219#0X19%DX13/4.

Y{2,3)=CEE1#(F319¢DX19/2.+F419%0X19#DX13/4.)

Y(2,4)=-F419#DX19%0X13/4.

Y(2,5)=CEE1*#(F519#0X19/2.4F619%0X19#DX14/4.)

Y(2,6)=~CEE1#F619%DX19#DX14/(4.*CEE2)

Z(2)=UT9~CEE1#UX9- (CEE1#DX19/2.)#(F119#UX9+F219+#DX13#(UX3-UT3/CEE]L
1)/2.+F219#(U3+U9)+F319%VX9+F41G#DX13# (VX3~VT3/CEEL) /2. +F419#(V3+V9
2)+FS519%WXI+F6192DX14# (WX4~WT4/CEE2) /2.+F619% (W4 +HI) #2,#FT19)

Y(4,1)=CEE1#(G119#DX19/2.4G219%DX19%DX13/4.)

Y(4,2)=-G219#DX19%0X13/4.

Y(4,3)=CEE1l®(-1.+G319#DX19/2.+G419#DX19#DX13/4.)

Y{4,4)=1.~G419#CX19#DX13/4.

Y(4,5)=CEE1#(G519%DX19/2,+G619#DX194DX14/4.)

Y{(4,6)=-CEE1#DX19%DX14#G619/(4 .#CEE2) ‘

Z(4)=VT9-CEE1#VX9-(CEE1#DX19/2.)#(G119#UX9+G219#DX13#(UX3~UT3/CEEL
1)/2.+G219#(U34US)+G319#VX9+6415#DX13#(VX3-VT3/CEEL)/2.+4G4194(V3+V9
2)4G519%WX9+G619#DX 14# (WX4—WT4/CEE2) /2. +G619% (W4+WO) +2,.#GT19)

Y(5,1)=CEE2#(H116#DX16/2.+H216%DX16%DX13/4.)
.Y{542)=—CEE2%DX16%0X13#H216/(4.*#CEE1) ,

Y(5,3)=CEE2#(H316#DX16/2.+H416%0X162DX13/4.)

Y{(5,4)=-CEE2#DX16%0X13%H416/(4.#CEEL)
Y(5,5)=CEE2#(~1.+H516#0X16/2.+H616#DX16%DX14/4.)

Y(596)=1,-H616*#DX168DX14/4. . .

Z(5)=WT6~CEE2#WX6—(CEE2#DX16/2.)*(H116%UX6+H216+#0X13#(UX3-UT3/CEEL
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c

2)+H516#WX6+H6]162DX14% (WX4—WT4/CEE2) /2. *HO1 62 (W4T NO) M2, #HTLO X
215 F113=(CKF1/2+)#(41s/X1+1./X3) '

< im et s ittty

1)/2. +H216'(U3*U6)+H316‘VX6+H416§DX13'(VXB—VTBICEEI)/2 4H416'(V3+V6

F213=(CKF2/2.)%({1./X]1%82+], [X}'!z)tgﬁfgﬁ ________________________________

F313=CKF3
F413=CKF4%

F513=CKF5

_.. F6l3=CKF6_________ _ SRR e S e e ——————— e

G113=CKGl

e 6213=CKG2________

G313=CKG3

G413=CKG4

6513=CKG5

6613=CKG6_

H114=CKH1

H214= ( CKHZ,Z .”) ’_!_?~1__0 /X1+ l.!_xl' -)

H314=CKH3
H414=CKH4

H514=(CKH5/2,)#(+1./X1+1./X4)

H614=CKH6

F713=
G713=
HT1l4=

{FLD1+FLD3)/2.

(GLD1+GLD3)/2.

(HLD1+HLD4)/2.

Y(1,1)=CEE1#(1,~F113#DX13/2.-

Y(14,2)=1.4F213%0X13%%2/4,

Y{1,3)=CEE1#(-F313+%DX13/2.~F413«DX13ss
Y{1,4)=F413#DX13822/4,

—-Fé¢l3

Y(1,5)=CEEl#(-F513#DX13/2.-F6132DX13+DX1

Y(146)=CEE1#DX13#DX14%#F613/(4.#CEE2)

DX13##2/4,)

2/4.)

[ ———— e —— -

l4.)

A e 5 S

Z(1)=UT3+CEE1#UX3+CEEL*DX13#(F113%UX3/2.+F213#DX13%(UX3-UT3/CEEL1)/
14.+F213%U3+F313%VX3/2.+F413#DX13¢(VX3~VT3/CEBL)/4.+F413#V3+4F513 kX

23/2.+F613#DX14% (WX4~WT4/CEE2) /4. +F613% (W4+W3) /2.4FT13)
Y(3,1)=CEE1#(-G113#0X13/2.-G213%DX13#%2/4.)

Y(3,2)=G213%DX13%22/4,

Y{3,3)=CEE1l#(1.-6313%DX13/2.-G413%0X13%#2/4,)
Y(3,4)=1.+G413#DX13#=2/4,

Y(3,5)=CEEL#(-G5134DX13/2.-G612#DX13*DX14/4.)

Y(3,6)=CEE1#DX13#DX14%G613/(4.#CEE2)
Z{3)=VT3+CEE1#VX3+CEE1#DX13#(G113#UX3/2, +G2138DX13# (UX3-UT3/CEEL)/
14,+G213#U34G313#VX3/2.+46413#DX13#({VX3~-VT3/CEBL1)/4.+G4138V3+G513#NWX

23/2.4G613%#DX14# (WX4~WT4/CEE2)/4.+G613#(Wa+W3)/2,+GT13)

Y(6,1)=CEE2#(-H114%DX14/2.-H2142DX14#DX13/4.)

Y(6,2)=CEE2%DX14#DX13#H214/(4.+CEE1)

Y(€93)=CEE2#(-H314#0X14/2,-H4144#DX144DX13/4.)_

Y(6,4)=CEE2#DX148DX13#H414/(4.%CEEL)

Y{6,5)=CEE2#(1.-H514#DX14/2.~HE144DX14882/4,)_

Y(6,6)=1.+H614%0X14%%2/4.
Z(6)=WT4+CEE2#WX4+CEE20DX14%(H1148UX4/2,+H214#DX13#% (UX3~UT3/CEEL)/
14.4H214%(U3+U4) /2. +H314#VX4/2. +H414#DX13% (VX3=VT3/CEEL1) /4. +Hal4n (V
234V4)/2.4H514%WX4/2 . 4H614%DX14® (WX4~WT4/CEE2) /4« 4HO614OW4+HT14)

M=6

THE MATRIX SUBROUTINE
5000 DU 5900 JJJ=1,M,1

IF(Y(JJJ,yJJJ)-0.)5900,5850,590C
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59G0

5050
5100
5200

54GC0
5500

5600

9999

B

PRINT 5960
GO YO 9999
CONTINUE
N=M-1

DO 5200 NN=1,N,1

NNN=NN+1 =

DU 5100 JJ=NNN,¥,1
FRAC==Y({JJsNN)ZY.LNN,NN)

DO 5050 KK=NN,M,1
Y{JJoKK)I=FRAC#Y (NN, KK)+Y(JJ,KK)
ZUJJI=FRAC*Z(NN)+Z(JJ)

CONTINUE

DO 5500 NN=1,N,s1

NNN=M~NN

JI=NNN+1

DU 5400 KK=1,NNN,1 ,
ZIKK)==Z(JI)# (Y (KK, JJ)/Y(JJyJJ)I+Z(KK)
CONTINUE

DO 5600 KKK=1,M,1

UU (KKK )=Z (KKK) /Y LKKKyKKK)

SOLUTION CONTROL

GO TC (214,211,212,213),MAMA

CONTINUE

STOP

END
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